We established a new method that we call "the stacking method" to detect faint objects on CCD images such as unknown small size of GEO debris and undiscovered asteroids which include earth-crossing ones. A middle size of telescope and a normal CCD camera are enough to realize a fine result of the method. Many CCD images are used to detect faint objects. With this method, background stars are completely disappeared and the sky background fluctuation decreases extremely. This means faint objects, which are not visible on a single image, are detectable.
Introduction
Since Sputnik, the world's first successful satellite, was launched in 1957, humans have launched many satellites; thus the number of artificial objects in orbit has been increasing. Explosions and collisions of these objects create large volumes of space debris. For the safety of people and satellites, this debris needs to be detected and cataloged.
Systems for observing space debris have been established in the United States and Russia [1] . Some four million pieces of space debris larger than 1mm are believed to exist, but less than 10 thousand pieces of them have been cataloged [2] .
In the geostationary orbit, a minimum size for detection of about 50cm is a serious problem. Breakups near the orbit were reported in 1978, 1992, and 1994 [3] , and this debris spreads out to every longitude of the geostationary orbit, increasing the danger of a second collision. Strengthening the systems for observing GEO debris smaller than 50cm is critical to prevent the occurrence of these types of phenomena.
On the other hand, many groups are trying to observe near-Earth objects (NEOs) with the potential to collide with the Earth [4] [5] . Observations of small asteroids in the main-belt or far ones, like Edgeworth-Kuiper belt objects, also help us to investigate the origins of the solar system [6] [7] . CCD cameras are the most important tool for these purposes. Recently, the size of CCD chips has expanded to 2k×4k pixels, and a number of such CCD chips can be installed in a single CCD camera [8] . Scientists must analyze enormous volumes of data to get an outcome. Automatic detection is a desirable way to analyze data rapidly and accurately. Our group started test observations of GEO debris and asteroid in 1999. A 35cm telescope and a 2K2K back-illuminated CCD camera were set up at Mt.Nyukasa Observatory in Nagano Prefecture, Japan in 2002. We are developing algorithms to detect unknown GEO debris and undiscovered asteroids by using the actual observed data [9] .
In this paper, we describe a new technique that we have named the stacking method for detecting small pieces of GEO debris. A large number of CCD images are cut out to match a target movement and a median image is created from these sub-images. This process removes the effects of fixed stars and enables to detect very dark objects not visible on a single CCD image. We used this technique to analyze actual CCD images and confirmed its effectiveness. In the first half of this paper, we describe the algorithm that is developed for detection of small pieces of GEO debris, its test observation and the result. In the second half, we describe the case of undiscovered asteroids. 
General idea
GEO debris moves among fixed stars in the sky. In this paper, GEO debris does not mean debris that is exactly on the geostationary orbit but is around it. This means the GEO debris moves in the sky because of its inclination, semi-major axis and/or eccentricity. Usual observations of GEO debris require a short exposure frame (a few seconds) without an equatorial movement of a telescope. Point sources as GEO debris in the frame are searched. Fixed stars create streaks on the frame. A long exposure time is needed to detect dark GEO debris, but as the exposure time becomes longer, the streaks of fixed stars extend beyond the frame and new fixed stars enter it. These obscure the weak light from small GEO debris.
As a result, the exposure time is limited to a few seconds.
This process does not detect dark GEO debris below the one frame limiting magnitude.
Taking a median value of many frames with a short exposure solves the problem. The median is the central value of multiple values. For example, 3 is the median among 1, 2, 3, 4, and 100. If the number of values is even, the median value becomes the average of the two middle values. As described in the above example, taking a median eliminates any effects from an unexpectedly high signal (in this paper, streaks of stars). On the other hand, the average of 1, 2, 3, 4, and 100 is 22, i.e., it is affected by the high value, 100.
As shown in Figure 1 , the stacking method cuts out sub-images from many CCD images to fit GEO debris movement. A median image of all the sub-images is then created. In this method, photons from objects are accumulated on the same pixels of sub-images and streaks of fixed stars are completely removed by taking the median because they are moving on the sub-images. Figure 2 shows an example of debris detected using the stacking method. Figure 2 images are used. It is difficult to confirm the presence of the debris in Figure 2 (a), whereas the debris is bright and no streak of fixed star exists in Figure 2 (b).
The background noise was reduced as in Equation (1). (1) Here N is the number of sub-images used to make up a median image. This means darker objects are detectable as more images are used. The factor 1.2 is calculated from Monte Carlo simulations [10] . If the average is used instead of the median, the factor is 1.0. The average is slightly more powerful than the median in respect of the detection of unresolved asteroids. However, the median has the advantage of eliminating extremely high noises, such as cosmic rays and hot pixels that remain in an average image. Figure 3 shows the background noise levels for the number of median images.
The horizontal axis shows the number of stacked images, and the vertical axis the standard deviation of the sky background in analog-to-digital units (ADU). The dashed line represents Equation (1) . The noise level is reduced as many images are used. Figure 2 and 3 show that the stacking method is able to detect very dark GEO debris that is invisible on a single CCD image. In order to detect invisible GEO debris on one image, various movements of the GEO debris are assumed and many processes as shown in Figure 1 are needed.
Test Observation
We tried a test observation of the stacking method in order to evaluate its effectiveness for detection of GEO debris.
Japan Aerospace Exploration Agency (JAXA) possesses an optical observatory site at Mt. Nyukasa, Nagano Prefecture, for research on GEO debris and asteroid observation technologies and data analysis processes [11] . The site is at 138 10 30 E, 35 54 00 N, 1810m altitude. There are a 35-cm telescope and a 2K 2K CCD camera at the site.
The telescope is an 350N manufactured by Takahashi Co.
Ltd. Its focal length is 1248mm. It is set on a fork-type equatorial mount 25 EF manufactured by SHOWA. The CCD camera is a FCC-104B, manufactured by Nakanishi Image Laboratory Inc., using a back-illuminated chip, the EEV's 4240. Readout time of the CCD camera is about 10 seconds.
The total sky coverage of the image area of the system is around 1.27 1.27 , and its pixel scale is 2. 
Analysis and Results
The data is stored in the local hard disk and later processed offline. The software IRAF (Image Reduction and Analysis Facility) [12] was used for the image processing concerning the stacking method. The IRAF can be carried out with the script mode. We developed an automatic analysis process of the stacking method using the IRAF, a script language perl and C language. Although we use median images in order to eliminate the streaks of fixed stars, the influences of the streaks of bright stars remain as shown in Figure 5 (c). We ignored high value regions using an appropriate threshold value. We only searched objects moving almost vertical directions in the field. When the GEO debris has a high inclination, it moves fast and a short number of images are required to detect it. We divided all of the 150 images by a few sets in response to various speeds of GEO debris. We prepared 6 sets of 25 images, 3 sets of 50 images and 2 sets of 75 images. In order to confirm that the candidate is real GEO debris, we set a criterion that two detections in two serial sets are needed.
We changed the shift values of targets by 3 pixels to detect dark GEO debris. The shift values means the movement of the GEO debris from the first image of the set to the last one.
We carried out about 8000 processes for one set. The detection threshold of the GEO debris is 4 times of the background noise of the median image of the set. If one candidate is detected, the real shift value is searched around the detected shift value until the peak value of the candidate is the maximum. This process does not take time because small images around the candidate are used. We used two PC We detected 10 candidates. Table 1 coordinates. At that time we consider the precession and the nutation effects of the celestial coordinate system. We also consider the atmospheric effect that increases El values. We will be able to determine the orbit of detected GEO debris using these values.
The V band magnitudes of detected candidates are estimated using the V band magnitudes of background stars. The sizes of them are also calculated using the albedo value 0.1. We are able to detect about 50cm GEO debris by means of observations using the 35cm telescope and the CCD camera with the stacking method.
Discussion
As we showed in previous sections, the stacking method is powerful tool to detect very small GEO debris that is invisible on a single CCD image. If a larger telescope is used for the observation, smaller debris is detectable. A 1m telescope is able to detect about 30cm GEO debris (21 magnitude) using the stacking method. The Japan Space
Forum has established the observatory, Bisei Spaceguard Center (BSGC) that is used solely for the observation of space debris and NEOs (near earth objects: asteroids and comets) [13] [14] . It comprises one 1m telescope and one 0.5m telescope. Wide-field CCD cameras consisting of back-illuminated chips are installed on both the telescopes.
We would like to apply the method to the observation system of the BSGC in the future.
Although the stacking method is able to detect very dark This type of observation strategy must be established for the systematic observation and the management of GEO debris in the future.
The stacking method for asteroid
(a) (b) Figure 6 : An asteroid detected using the method.
General idea
Asteroids and comets move against the field of stars in the The basic process of the method is the same as that for GEO debris described in section 2.1. Multiple CCD images are used to detect faint asteroids below the limiting magnitude of a single CCD image. Figure 6 shows an example of an asteroid detected using the method. We then correct the mechanically induced position differences of each frame, using the pixel coordinates of one field star near the central region of the observed field. In practice, we set the first pixel coordinates and a search radius.
The algorithm searches for the brightest pixel within the circle. In the next image, the initial coordinates are changed to the coordinates of the brightest pixel found in the previous image. These processes are continued through to the last image. Using coordinates based on the brightest pixel of each image, the algorithm crops the common regions from all of the images. In this correction, we use only one star, which means that rotation of the observed field during the observation is not corrected in order to simplify the method.
The sky levels of each image may differ because of variations in the atmospheric conditions. The algorithm corrects any differences. We specify one small region (e.g., 50 50 pixels) around the center where there is no field star. As mentioned in subsection 3.1, the method is not a simple shift-and-co-add method. Even if a median image of all the sub-images is created, the influences of field stars must remain, because the motion of the target relative to field stars is small. Therefore, the algorithm removes field stars in advance. This process is somewhat complicated. First of all, the median image of all the images is created. This is not a median filter that is normally used in image processing. A median filter is applied to one frame to eliminate noises (especially spiky ones) by taking median values of some local pixels. In our algorithm, one pixel value of a median image is a median value of all raw images' same position values.
Therefore, one median image is created from all raw images. 
The Main Process
In the first process, the algorithm prepares very clean and field-star-free images. We then specify shift values for the x- Figure 9 shows the difference between an average (or sum) image and a median image. The effect of a cosmic ray of one raw image figure 9(a) remains on the average image figure 9(b) , not on the median image figure 9(c). We know that the median reduced the noise levels as equation (1).
Therefore, we chose median to avoid false detection. In order to find candidates, two criteria are assigned. One is a threshold value that is a few multiples of the background noise of the median image calculated by equation (1) . We can specify the threshold value according to the situation. If the search goal is quite faint moving objects, the threshold must be low, which may detect false candidates and be time-consuming to analyze. The other criterion is the shape parameter, defined as the ratio of the value of the brightest pixel to the total value of the nine pixels centered by the brightest one. If the shape parameter is smaller than the specified value, the candidate is regarded as being noise. The shape parameter approaches unity as the PSF becomes small.
We can also specify this value according to the observation system and the atmospheric conditions that affect the PSF.
Many shift values must be applied to disclose various moving objects. If there are candidates that satisfy the two criteria, the algorithm records its coordinates on the first image and the shift values as a candidate. We call this the first detection Once a candidate is detected, the algorithm searches for the true shift values. Small regions (e.g., 20 20 pixels) around the candidate are cropped from all of the images, with a small change in the shift value. A median image of all those small sub-images is created and the peak value of the candidate is investigated. This is repeated at shift values within 3 pixels along the x-and y-axes from the detected shift value.
The shift value that shows the highest peak value becomes the next shift value. The same process is carried out for the next shift value. These processes are repeated until the peak value becomes a maximum at the true shift value. The shape parameter is calculated simultaneously. The algorithm records the coordinates of the first image, its true shift value, and the shape parameter as a detected moving object. At this time the shape parameter naturally meets the criterion. We call this the second detection.
In order to detect faint moving objects, the algorithm needs to explore various shift values with small steps because such objects will disappear with a small change in the shift value.
However, we cannot analyze all shift values because the analysis time is limited by the machine power. We therefore have to thin out shift values for analysis. We discuss this effect in section 3.4.
Bright moving objects are detected with various shift values in the first detection process, with an elongated shape as shown in figure 10(a) . In the second detection process, they approach the true shift value, as shown in figures 10(b) and 10(c). Many second-detection processes are repeated for one bright moving object, which is a time burden for the analysis.
We therefore set a territory for the second-detected object to avoid this. During the second-detection process, the algorithm refers to the coordinates of the second-detected objects. When the coordinates of a currently analyzed object are inside the territory (e.g., 20 pixels) of a second-detected object and its brightness is less than that second-detected object, the algorithm stops the analysis, judging that the object has already been second-detected. If the brightness of the analyzed object is brighter than the second-detected object, the algorithm deletes the second-detected object as a false candidate and continues the analysis until the brightness of the analyzed object reaches a maximum. This also avoids missing of a brighter moving object near a false object caused by a low threshold level setting. This criterion cannot detect two near-neighbor moving objects (only the brighter one is detected), but such a situation is very rare. The size of a territory is determined by the machine power, the limiting magnitude, the pixel scale of the observation system, and so on forth.
Finally, the method determines the celestial coordinates of the detected object using the Guide Star Catalog [18] . Pixel coordinates of field stars in the median image created in the first process are investigated using the IRAF command "daofind". These coordinates are compared with those in the Guide Star Catalog, and the plate solution is calculated using the IRAF command "ccxymatch". We can specify the pixel coordinates of detected objects at the beginning and the end of an observation using the coordinates and the shift value recorded at the second detection. Converting these coordinates to the celestial ones, using the plate solution and the IRAF command "ccxytran", is the simplest. However, the celestial coordinates determined include a one-pixel size error that may correspond to a few arcsec for wide field optics.
Such an error limits the precision of orbital determination. 
Test Observation
We performed a test observation to evaluate the effectiveness of the method for detections of asteroids . We demonstrated that a 35-cm telescope was able to detect a 21 magnitude asteroid with the method. . 18564 is clearly visible in the raw images. In contrast, 40491 is hard to see and NAL019 is invisible in the raw images. Images (h) and (l) show that the algorithm successfully disclosed these faint objects.
Detection Efficiency
With a test observation, we demonstrated that the method is able to detect faint moving objects that are invisible on a single frame. For serious science work, we should know the detection efficiency of the algorithm. For example, the efficiency is needed to estimate the size and spatial distribution of main-belt asteroids or Edgeworth-Kuiper belt objects [20] . We used raw frames taken in the test observation to calculate the detection efficiency. First, these frames were randomly re-arranged with respect to their observation time, in order to eliminate the possibility of real asteroid detection events. Then, artificial asteroids of various magnitudes were placed on these frames with the proper shift values. Figure 12 shows artificial asteroids of various magnitudes. By analyzing these frames with the algorithm, we investigated the detection efficiency under various conditions. We then investigated the influence of the detection threshold value. Figure 14 shows the detection efficiency at various threshold values; 40 frames were used in the method. Darker objects are detectable as the threshold value decreases.
However, figure 15 indicates that false detections increase as the threshold value decreases. The values in figure 15 are for field number, observation frequency, and machine power.
As described in section 3.3, the limiting magnitude of one frame of our observation system is 19.5. Figure 13 shows that the algorithm can detect 2-mag fainter objects using 40 frames. However, the method requires many frames, which means that the area coverage in a night is reduced. Various
NEOs search groups observe one field 3 times, and survey a wide field in a short period to detectas many NEOs as possible. After they find out all NEOs that they can detect in present observation mode, we think our method is useful to obtain a 2-mag deeper limiting magnitude which means 
4.Conclusions
We established the stacking method in order to detect unknown small size of GEO debris and asteroids. This method uses many CCD images and enables us to detect very faint objects that are below the detection limit of one CCD image. Sub-images from many CCD images are cut out in order to fit the movement of the objects. A median image of all the sub-images is then created. This eliminates the background stars and reduces the sky background noise efficiently. We tried this method using a 35cm telescope and a 2K2K CCD camera. In the case of detection of GEO debris, the method detected 20 magnitude objects that are about 50cm in the geostationary orbit with the albedo of 0.1. In the case of asteroid, 21 mag asteroids are detected by analyzing 40 images with this method. These results show this method works efficiently to detect faint objects.
Concerning analysis time, although it does not take much time to detect faint main-belt asteroids because their motions are almost same, it does for detection of faint GEO debris and NEOs. We need to find out an efficient strategy using the method for the future systematic observation of GEO debris and NEO surveys.
